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Abstract
We show the generic non-extremal Kerr-Newman-NUT-AdS black holes are holo-
graphically dual to the hidden conformal field theories in two different pictures. The
two pictures can be merged together to the dual CFTs in general picture, that are gen-
erated by the SL(2,Z) modular group. We also extend the calculation to the extremal
limit and find the corresponding quantities. Using the extended central charges from
the Kerr/CFT correspondence, we also find agreement between the macroscopic and
microscopic entropies. We also find the absorption cross-section of the scalar probes
for the generic and extremal Kerr-Newman-NUT-AdS black holes, to further support
the different dual CFTs to the black holes.
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1 Introduction
In the last decade, the correspondence between the rotating black holes and the dual confor-
mal field theory (CFT), was explored extensively. Initially, the correspondence was used to
relate the physical quantities, associated to an extremal Kerr black hole, to that of a CFT
[1]. The microscopic Bekenstein-Hawking entropy, as well as the near-super radiant modes
of the extremal Kerr black holes were only a few examples of black hole quantities, which
could be related to a conformal symmetry. The conformal symmetry is generated by the
diffeomorphisms of the near-horizon geometry of the Kerr black holes. Later, the correspon-
dence was explored in vast varieties of the extremal rotating black holes, in four and higher
dimensions [2]-[16], where in general, the near-horizon geometry includes a copy of the AdS
space. The enhancement of isometries of the AdS, provides the underlying Virasoro algebra
for a conformal structure.
For the non-extremal rotating black holes, there is no known AdS structure in the near-
horizon geometry of the black holes. For the non-extremal rotating black holes, we may
look at the symmetries of the solution space of a probe field, in the background of rotating
non-extremal black holes. These symmetries can be used, to find out about the possible
dual CFT to the black holes [17]. The conformal invariance of the former theory, is known
as the hidden conformal symmetry. The hidden CFT was explored for different types of the
non-extremal rotating black holes in four and higher dimensions [18]-[21].
Moreover, it was found that for certain four-dimensional rotating charged black holes,
there is a possibility to find more than one dual CFT. The four-dimensional Kerr-Newman
is a case, where there are two dual CFTs to the black hole. The first CFT is dual to the
rotational degree of freedom of the black hole, and the second CFT is dual to the electric
charge of the black hole [22]. These two different dual CFTs to the black hole, are called
J and Q pictures, respectively [23]. The Kerr-Sen black hole is another four-dimensional
rotating charged black hole [24]. Though one may naively expect there are two different
CFTs dual to the black hole, however there is only one dual CFT to the Kerr-Sen black
hole. In fact, in [25], the authors showed that there is no well defined Q picture, for the
Kerr-Sen black hole, in contrast to the well defined Q picture for the Kerr-Newman black
hole. One reason for the absence of the Q picture for the Kerr-Sen geometry, is that the
non-gravitational fields dont contribute to the central charge of the dual conformal field
theory [26].
Inspired by the existence of two CFT pictures for the four-dimensional non-extremal
rotating charged Kerr-Newman black holes and the absence of the Q picture for the four-
dimensional non-extremal rotating charged Kerr-Sen black holes, in this article, we inves-
tigate all possible CFT pictures for the four-dimensional non-extremal rotating charged
Kerr-Newman-NUT-AdS black holes.
The presence of the NUT twist, as well as the cosmological constant make a rich structure
for the horizons of the Kerr-Newman-NUT-AdS black holes. This in turn, needs a careful
analysis of the wave equation of a test particle, in the background of the black holes, to reveal
the conformal structure. In fact, we consider the field equations of a charged scalar field in the
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background of the Kerr-Newman-NUT-AdS black holes, and search for all different possible
conformal symmetries. We also find the scattering cross-section of the scalar fields, in the
near region of the non-extremal, as well as the extremal Kerr-Newman-NUT-AdS black holes.
We organize the article as: In section 2, we discuss in detail the properties of the Kerr-
Newman-NUT-AdS black holes and consider the field equation of a massless charged scalar
field in the background of the black holes. In section 3, we find that the radial part of the
field equation in the near region, can be written in terms of SL(2,R)L × SL(2,R)R Casimir
operators in three different pictures. In section 4, we consider the extremal Kerr-Newman-
NUT-AdS black holes and establish the conformal structures in three different pictures. We
use a set of different conformal coordinates for the extremal black holes, to establish the
holographic pictures. In section 5, we find the near horizon geometry of the Kerr-Newman-
NUT-AdS black holes and calculate the central charges and the entropy of CFT in three
different pictures. In section 6, we consider the non-extremal Kerr-Newman-NUT-AdS black
holes and find the absorption cross section of the scalar fields. We show that the results
can be obtained from the finite temperature absorption cross section in a CFT. In section 7,
we consider the extremal Kerr-Newman-NUT-AdS black holes and find the absorption cross
section of the scalar fields. Similar to non-extremal case, we show that the results can be
obtained from the finite temperature absorption cross section in a CFT.
2 Charged scalar probe around Kerr-Newman-NUT-
AdS black holes
The Kerr-Newman-NUT-AdS black hole is the exact solution to Einstein-Maxwell equations
with non-vanishing NUT charge and the cosmological constant. The solutions portray the
space-time for a rotating electrically and magnetically charged massive object with twisting
NUT charge. The line element of Kerr-Newman-NUT-AdS space-time read as [27]-[29]
ds2 = −
∆r
Ξ2̺2
[
dt−{a sin2 θ + 2n(1− cos θ)}dφ
]2
+
̺2
∆r
dr2 +
̺2
∆θ
dθ2
+
∆θ sin
2 θ
Ξ2̺2
[
adt− {r2 + (a + n)2}
]
dφ2, (2.1)
where
̺2 = r2 + (n+ a cos θ)2, (2.2)
∆r = r
2 − 2Mr + e2 + g2+
r2(r2 + 6n2 + a2)
l2
+
(3n2 − l2)(a2 − n2)
l2
, (2.3)
∆θ = 1−
a cos θ
l2
(4n + a cos θ), Ξ = 1−
a2
l2
, Λ = −
3
l2
. (2.4)
The parameters a, l and n represents the rotation parameter, cosmological constant param-
eter and the NUT charge, respectively. The mass parameter, electric charge and magnetic
charge of space-time are given by M , e and g, respectively. The metric (2.1), in the limit
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of a = 0, reduces to the Reissner-Nordstrom-NUT-AdS black hole. Moreover, it reduces to
Taub-NUT-AdS spacetime and Schwarzschild-AdS spacetime, in the limits of a = 0, Q = 0
and a = 0, Q = 0, n = 0, respectively. In the extremal limit of a = 0, Q = 0, n = 0,Λ = 0,
it reduces to Schwarzschild spacetime. The electromagnetic potential is given by [29]
Aµdx
µ =
−er [adt− ((a + n)2 − (n+ acosθ)2) dφ]
a̺2Ξ
−
g(n+ acosθ) [adt− (r2 + (a + n)2) dφ]
a̺2Ξ
. (2.5)
The Bekenstein-Hawking entropy, Hawking temperature, angular velocity and the electric
potential on the event horizon of the black hole r+, are given by
SBH =
π
Ξ
[
r2+ + (a+ n)
2
]
, (2.6)
TH =
2(r+ −M)l
2+2r+(2r
2
+ + 6n
2 + a2)
4π(r2+ + (a+ n)
2)l2Ξ
, (2.7)
ΩH =
a
r2+ + (a+ n)
2
, (2.8)
ΦH =
er+
[r2+ + (a+ n)
2] Ξ
, (2.9)
respectively.
To investigate and explore the hidden conformal symmetry, we consider a massless
charged scalar probe in the background of the Kerr-Newman-NUT-AdS black holes (2.1).
The non-minimally coupled field equation for the scalar probe, is given by
(∇α − iqAα)(∇
α − iqAα)Φ = 0, (2.10)
where q is the charge of the scalar field. We notice the Kerr-Newman-NUT-AdS black holes
(2.1) have two translational Killing vectors ∂t and ∂φ. Hence we separate the coordinates in
the scalar field as [17, 30]
Φ(t, r, θ, φ) = e−iωt+imφR(r)S(θ). (2.11)
Plugging equation (2.11) in (2.10), leads to two differential equations for the angular S(θ)
and radial R(r) wave functions,
1
sin θ
∂θ(sin θ ∂θ)S(θ)−
Ξ2
∆θ
[
m2
sin2 θ
+
[
2n(cos θ − 1)− a sin2 θ
]2
ω2
sin2 θ
]
S(θ)
−
Ξ2
∆θ
[2amω cos θ(4n+ a cos θ) +Kl′]S(θ) = 0, (2.12)
3
∂r(∆r∂r)R(r) +
[
[(r2 + (a+ n)2)ω − qer −ma]2Ξ2
∆r
+ 2amωΞ2 −Kl′
]
R(r) = 0, (2.13)
where Kl′ is the separation constant. For simplicity, we set g = 0 in the angular and radial
equations (2.12) and (2.13).
We consider the radial equation (2.12) at the near-horizon region, which is defined by
ωr ≪ 1. Moreover, we consider the low-frequency limit for the scalar field ωM ≪ 1 and small
electric charge for the scalar field qe ≪ 1. Consequently, we also impose ωa ≪ 1, ωe ≪ 1,
and ωn≪ 1. Furthermore, in the vicinity of near-horizon region, we approximate the quartic
∆r by a quadratic polynomial in r − r+ as,
∆r ≃ K(r − r+)(r − r∗), (2.14)
where
K = 1+
6r2+ + 6n
2 + a2
l2
, (2.15)
r∗ = r+ −
1
Kr+
[
r2+ − e
2−
r2+(r
2
+ + 6n
2 + a2)
l2
−
(3n2 − l2)(a2 − n2)
l2
]
. (2.16)
We should notice that approximating the quartic ∆r by a quadratic polynomial of r− r+ is
necessary to set up the radial equation, in a suitable form for exploring its hidden conformal
symmetry. Such an approximation was used before for the quartic metric function of the
Kerr-Newman-AdS [31, 32] and Kerr-NUT-AdS [33] black holes. We also notice r∗, in general
is not the inner horizon. Using (2.14), the radial equation (2.13) reduces to
∂r [(r − r+)(r − r∗)∂r]R(r) +
[
r+ − r∗
r − r+
A+
r+ − r∗
r − r∗
B + C
]
R(r) = 0, (2.17)
where
A =
Ξ2
[
(r2++(a+ n)
2)ω − am− qer+
]2
K2(r+ − r∗)2
, (2.18)
B =
Ξ2 [(r2
∗
+(a+ n)2)ω − am− qer∗]
2
K2(r+ − r∗)2
, (2.19)
C =
q2e2 − l′(l′ + 1)
K
, (2.20)
where we set the separation constant Kl′ = l
′(l′ + 1).
The presence of the electric charge in the scalar wave equation (2.10) in the background
of the Kerr-Newman-NUT-AdS black holes, leads to fascinating features in Kerr/CFT corre-
spondence. The features were studied before for the Kerr-Newman as well as Kerr-Sen black
holes [22, 25]. In fact, we can find two different individual CFTs, which are holographically
dual to the Kerr-Newman-NUT-AdS black holes, where we call them as J picture and Q
picture. In J picture, we assume the charge of the probe is very small, so we set it equal
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to zero. On the other hand, in Q picture, we consider the scalar probe co-rotates with the
horizon, and so it is in zero mode m = 0. The two J and Q pictures for the Kerr-Newman-
NUT-AdS black holes, are generalization of the pictures for the Kerr-Newman black holes
[22]. We should note that not all charged rotating black holes are holographically dual to
two different CFTs. Specifically, the four-dimensional charged rotating Kerr-Sen black holes
(which are the solutions to the low energy limit of heterotic string theory), do not possess
the hidden conformal symmetry in a well-defined Q picture [25].
To realize the existence of two dual CFTs to the black hole, we may consider the scalar
probe expansion as [22]
Φ = e−iωt+imφ+iqχR(r)S(θ), (2.21)
where we introduce an additional internal degree of freedom χ for the scalar probe, very
similar to the U(1) symmetry for the coordinate φ. The coordinate χ plays the role of a
fibered coordinate, to uplift the four-dimensional black hole solutions to the five-dimensional
solutions. The realization of scalar field as (2.21), has been considered to investigate the
Kerr/CFT correspondence for the other charged rotating black holes [34]-[37]. As we explore
later, the existence of two coordinates with U(1) symmetry, leads to the twofold hidden
symmetry for the Kerr-Newman-NUT-AdS black holes in J and Q pictures. We can also
combine these two different pictures into one, called the general picture, where we can apply
an SL(2,Z) modular group transformation on φ and χ coordinates.
3 Hidden conformal symmetry for the Kerr-Newman-
NUT-AdS black holes
In this section, we are going to investigate the hidden conformal symmetry of the Kerr-
Newman-NUT-AdS black hole. We perform the following coordinate transformations for the
generic black holes
ω+ =
√
r − r+
r − r∗
e2πTRφ+2nRt, (3.1)
ω− =
√
r − r+
r − r∗
e2πTLφ+2nLt, (3.2)
y =
√
r+ − r∗
r − r∗
eπ(TL+TR)φ+(nL+nR)t. (3.3)
In terms of the new conformal coordinates ω+, ω− and y, we define three locally conformal
operators
H1 = i∂+, (3.4)
H−1 = i
(
ω+2∂+ + ω
+y∂y − y
2∂−
)
, (3.5)
H0 = i
(
ω+∂+ +
1
2
y∂y
)
, (3.6)
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as well as
H¯1 = i∂−, (3.7)
H¯−1 = i
(
ω−2∂− + ω
−y∂y − y
2∂+
)
, (3.8)
H¯0 = i
(
ω−∂− +
1
2
y∂y
)
. (3.9)
The set of operators (3.4)-(3.6) satisfy the SL(2, R) Lie algebra
[H0, H±1] = ∓iH±1, [H−1, H1] = −2iH0. (3.10)
A similar SL(2, R) algebra exists for the set of operators (3.7)-(3.9). From any of two sets
of operators, we can obtain the quadratic Casimir operator as
H2 = H¯2 = −H20 +
1
2
(H1H−1 +H−1H1) =
1
4
(y2∂2y − y∂y) + y
2∂+∂−. (3.11)
To make it easier to notice the relation between the quadratic Casimir operator (3.11) and
the radial equation (2.17), it is better to bring it back in terms of coordinates (t, r, φ). In
old coordinates, the quadratic Casimir operator is given by
H2 = (r − r+)(r − r∗)∂
2
r + (2r − r+ − r∗)∂r +
r+ − r∗
r − r∗
(
nL − nR
4πG
∂φ −
TL − TR
4G
∂t
)2
−
r+ − r∗
r − r+
(
nL + nR
4πG
∂φ −
TL + TR
4G
∂t
)2
, (3.12)
where G = nLTR − nRTL.
In J picture, we consider no electric charge q = 0 for the probe field (2.21) in the radial
equation (2.17). We obtain the hidden conformal symmetry by comparing the radial equation
(2.17) and the Casimir operator (3.12). We find that the radial equation (2.17) could be
rewritten in terms of the SL(2, R) quadratic Casimir operator as
H2R(r) = H¯2R(r) = −CR(r), (3.13)
where we should identify the constants
nJL = −
K
2(r+ + r∗)Ξ
, nJR = 0, (3.14)
T JL =
K[r2+ + r
2
∗
+ 2(a+ n)2]
4πa(r+ + r∗)Ξ
, T JR =
K(r+ − r∗)
4πaΞ
. (3.15)
In Q picture, we consider the scalar probe field with only the zero-mode of the angular
momentum. So, we set m = 0 in the scalar probe expansion (2.21) as well as the radial
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equation (2.17). It leads to the second holographic description of the Kerr-Newman-NUT-
AdS back holes. In Q picture, the radial equation (2.17) can be rewritten as
H2R(r) = H¯2R(r) = −CR(r), (3.16)
where we identify
nQL = −
K(r+ + r∗)
4[r+r∗ − (a+ n)2]Ξ
, nQR = −
K(r+ − r∗)
4[r+r∗ − (a + n)2]Ξ
, (3.17)
TQL =
K[r2+ + r
2
∗
+ 2(a+ n)2]
4πe[r+r∗ − (a+ n)2]Ξ
, TQR =
K(r+ − r∗)
4πe[r+r∗ − (a+ n)2]Ξ
. (3.18)
We note that the radial equations (3.13) and (3.16) in J and Q pictures, look similar to each
other, though we have two very different sets of constants (3.14), (3.15) in J picture and
(3.17),(3.18) in Q picture, respectively. We can combine the two underlying U(1) symmetries
in J and Q pictures, generated by the Killing vectors ∂φ and ∂χ respectively, into a third
picture. We call the third picture as the general picture, in which there is a modular group
SL(2,Z) acting on the torus (φ, χ). The modular group SL(2,Z) of the torus is given by
[38]-[40] (
φ′
χ′
)
=
(
α β
η τ
)(
φ
χ
)
, (3.19)
where α, β, η, τ parametrize the SL(2,Z) group elements. The modular group SL(2,Z)
may hint to the possible existence of a super conformal field theory, with a global U(1)
symmetry, in which the J and Q pictures are related to the spectral flow transformations.
We leave this interesting subject for a future research. After performing this modular group
transformation, one can find
m = αm′ + ηq′ , q = βm′ + τq′. (3.20)
The radial equation is given by
∂r (∆∂r)R(r) +
[
r+ − r∗
r − r+
A+
r+ − r∗
r − r∗
B + C
]
R(r) = 0, (3.21)
where
A =
Ξ22
[
(r2++(a+ n)
2)ω − (aα + eβr+)m
′ − (aη + eτr+)q
′
]2
K2(r+ − r∗)2
, (3.22)
B =
Ξ2 [(r2
∗
+(a+ n)2)ω − (aα + eβr∗)m
′ − (aη + eτr∗)q
′]
2
K2(r+ − r∗)2
, (3.23)
C =
(βm′ + τq′)2e2 − l′(l′ + 1)
K
. (3.24)
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In the general picture, we may choose to set q′ = 0 or m′ = 0, that we call J ′ and Q′
pictures, respectively. In J ′ picture, the radial equation (3.21) matched to the expression
(3.12) for the quadratic Casimir operator, by choosing
nGL =
−K[2aα + eβ(r+ + r∗)]
4[aα(r+ + r∗) + eβ(r+r∗ − (a + n)2)]Ξ
, (3.25)
nGR =
−Keβ(r+ − r∗)
4[aα(r+ + r∗) + eβ(r+r∗ − (a + n)2)]Ξ
, (3.26)
TGL =
K[r2+ + r
2
∗
+ 2(a+ n)2]
4π[aα(r+ + r∗) + eβ(r+r∗ − (a+ n)2)]Ξ
, (3.27)
TGR =
K(r2+ − r
2
∗
)
4π[aα(r+ + r∗) + eβ(r+r∗ − (a+ n)2)]Ξ
. (3.28)
In Q′ picture, we set q′ = 0 and the radial equation becomes similar to (3.21) with the
replacements (α, β,m′) to (η, τ, q′) in (3.21) and also in the equations (3.22)-(3.28). We note
that the equations (3.14) and (3.15) in the J picture, can be obtained simply from (3.25)-
(3.28) by setting α = 1, β = 0. On the other hand, the equations (3.17) and (3.18) in the Q
picture, can be obtained from (3.25)-(3.28) by setting α = 0, β = 1. So the results for n’s
and temperatures in the general picture include the corresponding results in both J and Q
pictures. We also note that our results reduce to those of [31, 32], if we set the NUT charge
to be zero. Moreover, if we set e = 0, our results reduce to the results of the paper [33].
4 Hidden conformal symmetry for the extremal Kerr-
Newman-NUT-AdS black holes
In this section, we consider the extremal Kerr-Newman-NUT-AdS black holes. In the ex-
tremal case, the conformal coordinates require to be different from the conformal coordinates
for the generic black holes. In the background of the extremal Kerr-Newman-NUT-AdS black
holes, the radial equation for the scalar probe becomes
∂r (∆∂r)R(r) + (A1+B1 + C)R(r) = 0, (4.1)
where
A1 =
2(2r+ω − qe)
[
(r2++(a+ n)
2)ω − am− qer+
]
Ξ2
K2(r − r+)2
, (4.2)
B1 =
[
(r2++(a+ n)
2)ω − am− qer+
]2
Ξ2
K2(r − r+)2
, (4.3)
∆ = (r − r+)
2, (4.4)
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and C is given by equation (2.20). For the extremal black holes, we implement the following
conformal coordinates
ω+ =
1
2
(
α1t + β1φ−
γ1
r − r+
)
, (4.5)
ω− =
1
2
(
e2πTLφ+2nLt −
2
γ1
)
, (4.6)
y =
√
γ1
2(r − r+)
eπTLφ+nLt, (4.7)
where α1, β1 and γ1 are constants. From the coordinates transformations (4.5)-(4.7), we
define the two sets of locally conformal operators as (3.4)-(3.9) which produce an SL(2, R)×
SL(2, R) symmetry. The quadratic Casimir operators for the symmetry algebra (3.11) are
given by
H2 = H¯2 = ∂r(∆∂r)−
(
γ1(2πTL∂t − 2nL∂φ)
Aˆ(r − r+)
)2
−
2γ1(2πTL∂t − 2nL∂φ)
Aˆ2(r − r+)
(β1∂t − α1∂φ),
(4.8)
in terms of coordinates (t, r, φ), where Aˆ = 2πTLα1 − 2nLβ1. In J picture, where q = 0, we
find that the radial equation could be rewritten in terms of SL(2, R)× SL(2, R) quadratic
Casimir operators as
H2R(r) = H¯2R(r) = −CR(r), (4.9)
by choosing
βJ1 =
γ1K
aΞ
, αJ1 = 0, (4.10)
T JR = 0, n
J
R = 0, (4.11)
T JL =
K[r2+ + (a+ n)
2]
4πar+Ξ
, nJL =
−K
4πr+Ξ
. (4.12)
We notice the temperatures and n’s in (4.11) and (4.12) are consistent with the temperatures
and n’s in (3.14) and (3.15), in the extremal limit.
In Q picture, we consider only the zero-mode of the angular momentum for the charged
probe. We find that the radial equation could be rewritten in terms of SL(2, R)× SL(2, R)
quadratic Casimir operators as (4.9), by choosing
βQ1 =
2γ1Kr+
e[r2+ − (a+ n)
2]Ξ
, αQ1 =
−Kγ1
[r2+ − (a+ n)
2]Ξ
, (4.13)
TQR = 0, n
Q
R = 0, (4.14)
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TQL =
K[r2+ + (a+ n)
2]
2πe[r2+ − (a+ n)
2]Ξ
, nQL =
−Kr+
2e[r2+ − (a+ n)
2]Ξ
. (4.15)
We notice the temperatures and n’s in (4.14) and (4.15) are in agreement with the temper-
atures and n’s in (3.17) and (3.18), in the extremal limit.
In general J ′ picture, we find that the radial equation could be rewritten in terms of
SL(2, R)× SL(2, R) quadratic Casimir operators as (4.9), by choosing
βG1 =
2γ1r+K
[2aαr+ + eβ(r2+ − (a+ n)
2)]Ξ
, αG1 =
−γ1eβK
[2aαr+ + eβ(r2+ − (a + n)
2)]
, (4.16)
TGR = 0, n
G
R = 0, (4.17)
TGL =
K[r2+ + (a+ n)
2]
2π[2aαr+ + eβ(r2+ − (a+ n)
2)]Ξ
, nGL =
−K (aα + eβr+)
2[2aαr+ + eβ(r2+ − (a+ n)
2)]Ξ
. (4.18)
We note the temperatures and n’s in (4.17) and (4.18) are in agreement with the temperatures
and n’s in equations (3.25)-(3.28), in the extremal limit. Moreover, in Q′ picture, we find
α1, β1, temperatures and n’s are given by expressions (4.16)-(4.18) with replacing (α, β,m
′)
to (η, τ, q′), respectively.
5 Microscopic entropy description
The existence of the hidden conformal symmetry suggests that the Kerr-Newman-NUT-AdS
black holes could be portrayed by the dual CFTs. For the generic black holes, the dual CFTs
have non-zero left- and right-moving temperatures. For the extremal black holes, the CFTs
have only non-zero left temperature. The other essential information for any CFT are the
central charges of the theory. For the extremal black holes, the central charges of the dual
CFT could be derived from an analysis of the asymptotic symmetry group [1, 30].
To find the near-horizon geometry of the extremal Kerr-Newman-NUT-AdS black holes
(2.1), we consider the following coordinate transformations
r = r+ + λr0y, t =
r0Ξ
λ
τ, φ = ϕ+
ΩHr0Ξ
λ
τ, (5.1)
where r0 =
√
r2+ + (a+ n)
2 and λ → 0 shows the near-horizon limit. The metric (2.1)
becomes
ds2 = Γ(θ)
(
−
K2y2
Ξ2
dτ 2 +
dy2
y2
+ α(θ)dθ2
)
+ γ(θ) (dϕ+ pydτ)2 , (5.2)
where
Γ(θ) =
̺2+
K
, α(θ) =
K
∆θ
, γ(θ) =
r40∆θ sin
2 θ
̺2+Ξ
2
, (5.3)
and
̺2+ = r
2
+ + (n+ a cos θ)
2, p =
2ar+
r20
. (5.4)
10
Using the scaling dτ → Ξdτ/K, we obtain
ds2 = Γ(θ)
(
−y2dτ 2 +
dy2
y2
+ α(θ)dθ2
)
+ γ(θ) (dϕ+ pˆydτ)2 , (5.5)
where
pˆ =
2ar+Ξ
Kr20
. (5.6)
In the near-horizon limit, we find that the gauge field (2.5) is given by
Aµdx
µ = f(θ) (dϕ+ pˆydτ)−
e[r2+ − (a + n)
2]
[r2+ + (a + n)
2]Ξ
dϕ, (5.7)
where
f(θ) =
er20
[
(r2+ − n
2)− a(2n+ acos θ)cos θ
]
2ar+ρ2+Ξ
. (5.8)
The left-moving central charge can be read off from the near-horizon geometry of the extremal
black holes. In J picture, the central charge of the CFT is given by
cL = 3pˆ
∫ π
0
dθ
√
Γ(θ)α(θ)γ(θ) =
12ar+
K
. (5.9)
We also propose the following left- and right-moving central charges for the CFT dual to
the generic black holes as
cJL = c
J
R =
6a(r+ + r∗)
K
. (5.10)
We notice that the central charges (5.10) reduce to those for dual CFT for the Kerr black
holes [1, 17], the Kerr-Newman-AdS and the Kerr-NUT-AdS black holes [31]-[33] in the
proper limits of parameters. Our proposal for the central charges (5.10) together with the
CFT temperatures (3.15) lead to the Cardy entropy for the dual CFT to the Kerr-Newman-
NUT-AdS black holes, as
SCFT =
π2
3
(cJLT
J
L + c
J
RT
J
R) =
π
Ξ
[r2+ + (a + n)
2], (5.11)
in perfect agreement with the Bekenstein-Hawking entropy for the Kerr-Newman-NUT-AdS
black holes
SBH =
π
Ξ
[r2+ + (a+ n)
2]. (5.12)
In Q picture, we enhance the geometry of the black hole with a fibered coordinate that will
uplift the geometry to the five-dimensional solutions [34]-[36]. In addition, the gauge field
11
can be a part of the geometry, such that we recover the near-horizon metric of the five-
dimensional extremal black holes Applying the gauge transformations, we find the gauge
bundle
A = pˆ′ydτ −
en cos θ
r+
dϕ, pˆ′ =
e(r2+ − n
2)
(r2+ + n
2)
. (5.13)
We can combine the four-dimensional near horizon metric (5.5) and the gauge field (5.13),
to write the five-dimensional near horizon metric as
ds25 = ds
2 + (dyˆ +A)2, (5.14)
where yˆ is the fibered coordinate, with period 2πRn and Rn is an integer. We also consider
the boundary conditions for the deviation of the five-dimensional full metric from the near
horizon metic (5.14) as
hµν ∼


O(y2) O
(
1
y2
)
O
(
1
y
)
O(y) O(1)
O
(
1
y3
)
O
(
1
y2
)
O
(
1
y
)
O
(
1
y
)
O
(
1
y
)
O(1) O
(
1
y
)
O
(
1
y
)
O(1)
O(1)


, (5.15)
in the basis (τ, y, θ, ϕ, yˆ), similar to Ref. [34]-[36] . We find the diffeomorphisms that preserve
the boundary conditions (5.15), are generated by
ζǫ = ǫ(yˆ)∂yˆ − rǫ
′(yˆ)∂y, (5.16)
where ǫ(yˆ) = e−inˆyˆ. Using eq. (5.9), we find the central charge for the dual CFT to the
near-horizon geometry (5.14)
cL =
6er2+
K
. (5.17)
We then propose the generalization of the central charge (5.17) in Q picture, for the
generic black holes, is given by
cQL = c
Q
R =
6e[r+r∗ − (a+ n)
2]
K
. (5.18)
Using the central charges (5.18) for the dual CFT in Q picture, and the temperatures in
(4.14) and (4.15), we find, from the Cardy formula,
SCFT =
π2
3
(cQLT
Q
L + c
Q
RT
Q
R ), (5.19)
that
SCFT =
π
Ξ
[r2+ + (a+ n)
2]. (5.20)
12
The Cardy entropy (5.20) in Q picture, is obviously in agreement with the Bekenstein-
Hawking entropy (2.6) for the black holes. Moreover, the central charges in the general
picture
cGL = c
G
R =
6 [aα(r+ + r∗) + eβ(r+r∗ − (a + n)
2)]
K
, (5.21)
together with the temperatures in (4.17) and (4.18), yields the Cardy entropy which is
similarly given by (5.20), in perfect agreement with the Bekenstein-Hawking entropy (2.6).
6 Scattering cross-section on non-extremal background
To further support the correspondence between the Kerr-Newman-NUT-AdS black holes and
the CFTs, we consider the absorption cross-section of scalar probes in the background of the
generic black holes. For the near horizon region, where we can expand the metric function
∆r by the quadratic order in (r−r+) as (2.14), we use the radial wave equation (2.17) to find
the scattering cross-section. So, for a near-extremal black hole, we consider the following
near-extremal coordinate transformations from black hole coordinates (r, t, φ) to (y, τ, ϕ), as
r =
r+ + r∗
2
+ λr0y, r+ − r∗ = µλr0, t =
r0Ξ
λ
τ, φ = ϕ+
ΩHr0Ξ
λ
τ, (6.1)
where r0 =
√
r2+ + (a+ n)
2 and λ → 0 shows the near-horizon limit and µ is the near-
extremality parameter. We also consider the scalar probe with frequencies around the super-
radiant bound ωs = mΩH + qΦH
ω = ωs + ωˆ
ǫ
r0
, (6.2)
where ΩH and ΦH are given by (2.8) and (2.9), respectively and ǫ→ 0. We can re-write the
radial equation (2.17) by[
∂y
(
y −
µ
2
)(
y +
µ
2
)
∂y +
As
y − µ
2
+
Bs
y + µ
2
+ Cs
]
R(y) = 0, (6.3)
where
As =
ωˆ2Ξ2
µ
, Bs = −µΞ
2
(
ωˆ
µ
−
2 (mΩH + qΦH) r+
K
+
qe
K
)2
, (6.4)
and Cs is the separation constant. Moreover, we change the coordinate from y to z, by
z = y−µ/2
y+µ/2
, where the radial equation (6.3) becomes
[
z(1 − z)∂2z + (1− z)∂z +
Aˆs
z
+ Bˆs +
Cs
1− z
]
R(z) = 0, (6.5)
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where
Aˆs =
ωˆ2Ξ2
µ2
, Bˆs = −Ξ
2
(
ωˆ
µ
−
2 (mΩH + qΦH) r+
K
+
qe
K
)2
. (6.6)
The solutions to differential equation (6.5) are given by
R(z) = zα(1− z)βF (as, bs, cs; z), (6.7)
where F (as, bs, cs; z) is the hypergeometric function with the parameters
as = β + i(γ − α), bs = β − i(γ + α), cs = 1− 2iα, (6.8)
and
α =
√
Aˆs, β =
1
2
(
1−
√
1− 4Cs
)
, γ =
√
−Bˆs.
For large values of the radial coordinate r (or equivalently y >> µ/2), where z ∼ 1, the
solutions (6.7) reduce to
R(y) ∼ D1y
−β +D2y
β−1, (6.9)
where
D1 =
Γ(cs)Γ(2h− 1)
Γ(cs − as)Γ(cs − bS)
, D2 =
Γ(cs)Γ(1− 2h)
Γ(as)Γ(bs)
, (6.10)
and
h = 1− β =
1
2
(
1 +
√
1− 4Cs
)
, (6.11)
is the conformal weight. Hence, we find the absorption cross-section of the scalar fields as
Pabs ∼ |D1|
−2 =
sinh (2πα)
2πα
|Γ (cs − as)|
2 |Γ (cs − bs)|
2
(Γ (2h− 1))2
. (6.12)
Alternatively, we can find the real-time correlation function GR, considering D1 as the
source and D2 as the response, by
GR ∼
D2
D1
=
Γ(1− 2h)
Γ(2h− 1)
Γ(cs − as)Γ(cs − bS)
Γ(as)Γ(bs)
, (6.13)
such that Pabs ∼ ℑ(GR). To further support the correspondence between the rotating black
hole (2.1) and the two-dimensional CFT, we show that the absorption cross-section for the
scalar fields (6.12) can be obtained from the absorption cross-section in a two-dimensional
dual CFT in three different pictures. In a two-dimensional CFT with conformal weights hL,R
and temperatures TL,R , the absorption cross-section for the scalar fields with frequencies
ω˜L,R, is given by [41]
Pabs ∼ TL
2hL−1TR
2hR−1 sinh
(
ω˜L
2TL
+
ω˜R
2TR
) ∣∣∣∣Γ
(
hL + i
ω˜L
2πTL
)∣∣∣∣
2 ∣∣∣∣Γ
(
hR + i
ω˜R
2πTR
)∣∣∣∣
2
. (6.14)
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To find agreement between (6.12) and (6.14), we should choose proper left and right
frequencies ω˜L, ω˜R. In order to do so, we consider the first law of thermodynamics for the
general charged rotating black holes (2.1), that is given by
THδSBH = δM − ΩHδJ − ΦHδQ, (6.15)
where TH , ΩH and ΦH are given by (2.7), (2.8) and (2.9). By varying Cardy entropy, we
obtain
δSCFT =
δEL
TL
+
δER
TR
. (6.16)
Identifying δM as ω, δJ as m and δQ as q, yield to identification of δER,L as ω˜R,L. Equating
the variations of entropy in (6.15) and (6.16) in general picture, leads to a set of left and
right frequencies
ω˜L,R = ωL,R − qL,RµL,R, (6.17)
where
ωL =
(r+ + r∗)[r
2
+ + r
2
∗
+ 2(a + n)2]
2[aα(r+ + r∗) + eβ(r+r∗ − (a+ n)2)]
ω, (6.18)
µL =
e[r2+ + r
2
∗
+ 2(a+ n)2]
2[aα(r+ + r∗) + eβ(r+r∗ − (a + n)2)]Ξ
, qL = q, (6.19)
ωR = ωL −
2a(r+ + r∗)Ξ
2[aα(r+ + r∗) + eβ(r+r∗ − (a+ n)2)]
m, (6.20)
µR =
e(r+ + r∗)
2
2[aα(r+ + r∗) + eβ(r+r∗ − (a+ n)2)]
, qR = q. (6.21)
We note that the conformal weights hL,R in (6.14) are equal to h, as in (6.11). We also
note that setting α = 1, β = 0 in equations (6.18)-(6.21) leads to agreement between (6.12)
and (6.14) in J picture. Moreover, setting α = 0, β = 1 in equations (6.18)-(6.21) leads to
agreement between (6.12) and (6.14) in Q picture.
7 Scattering cross-section on extremal background
In previous section, we found more evidence to support the correspondence between the
non-extremal rotating black holes (2.1) and a two-dimensional CFT, in different conformal
pictures. In this section, we consider the extremal black holes and provide more evidence in
support of the correspondence between the extremal rotating black holes (2.1) where r+ = r∗,
and the dual CFT. The radial equation (2.17) in the extremal limit, can be written as[
∂r (∆r∂r) +
Ae
r − r+
+
B2e
(r − r+)2
− l′(l′ + 1)
]
R(r) = 0, (7.1)
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where
Ae =
2(2ωr+ − qe)[(r
2
+ + (a + n)
2)ω − am− qer+]Ξ
2
K2
, (7.2)
Be =
[(r2+ + (a+ n)
2)ω − am− qer+]Ξ
K
. (7.3)
We change the coordinate r to z, given by z = −2iBe
r−r+
. The radial equation (7.1) becomes
d2R(z)
dz2
+
[ 1
4
−m2s
z2
+
k¯
2z
−
1
4
]
R(z) = 0, (7.4)
where
k¯ =
i(2r+ω − qe)Ξ
K
, ms =
√
l′(l′ + 1) +
1
4
. (7.5)
We find the solutions to (7.4) as
R(z) = D1R+(z) +D2R−(z), (7.6)
where
R±(z) = e
−z/2zms±1/2 1F1
(
ms ± 1/2− k¯, 2ms ± 1; z
)
. (7.7)
In (7.7), 1F1(a, b; z) is the Kummers function. In the near-horizon region r → r+, where
z →∞, the Kummers function could be expanded as
1F1(a, b; z) ∼
Γ(b)
Γ(a− b)
z−ae−iaπ +
Γ(b)
Γ(a)
za−bez. (7.8)
On the other hand, for asymptotic region where r → ∞ (or z → 0), the Kummers
function 1F1(a, b; 0) → 1. To avoid any outgoing waves at r = r+, we should choose the
constants D1 and D2 as
D1 = −
Γ(1− 2ms)
Γ(1/2−ms − k¯)
, D2 =
Γ(1 + 2ms)
Γ(1/2 +ms − k¯)
. (7.9)
So, in the asymptotically infinity region, the solutions (7.7) become
R(r) ∼ D1r
−h +D2r
1−h, (7.10)
where h is the conformal weight
h = ms +
1
2
. (7.11)
The retarded Green function is equal to [42, 43]
GR ∼
D2
D1
∝
Γ(1− 2h)
Γ(2h− 1)
Γ(h− k¯)
Γ(1− h− k¯)
. (7.12)
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Hence, we can find the scattering cross-section, using Pabs ∼ ℑ(GR). To find agreement
between the CFT scattering cross-section (6.14) in the general picture and Pabs, we choose
ωL, µL and qL by
ωL =
2r+[r
2
+ + (a + n)
2]
2aαr+ + eβ(r
2
+ − (a+ n)
2)
ω, (7.13)
µL =
e[r2+ + (a+ n)
2]
[2aαr+ + eβ(r2+ − (a+ n)
2)]Ξ
, qL = q. (7.14)
Moreover, the left frequency is given by ω˜L = ωL − qLµL, and hL = h. We also note
that setting α = 1, β = 0 in equations (7.13) and (7.14) leads to agreement between CFT
scattering cross-section and Pabs in J picture. Moreover, setting α = 0, β = 1 in equations
(7.13) and (7.14) leads to agreement between CFT scattering cross-section and Pabs in Q
picture.
8 Conclusions
We explicitly construct three different conformal pictures for the rotating charged Kerr-
Newman-NUT-AdS black holes, that extend the holographic duality between the most com-
plete class of four-dimensional non-extremal (as well as extremal) charged rotating black
holes with the NUT twist and the cosmological constant, and conformal field theories. To
establish the holography, we consider a charged scalar field in the background of the black
holes and construct the scalar wave equation from the generators of the conformal symme-
try. We find that the charged scalar field in the background of the black holes, reveals the
existence of three different CFTs, in which each CFT is dual to each black hole hairs, such
as angular momentum and the electric charge.
To further support the holograph, we find the microscopic entropy and the absorption
cross section of the charged scalar fields, in the background of Kerr-Newman-NUT-AdS black
holes in three different pictures. In all three pictures, we find perfect agreement between the
gravitational entropy and the absorption cross section and the corresponding results from
a two-dimensional CFT. A very interesting project, is to find the extended family of the
conformal symmetry for the Kerr-Newman-NUT-AdS black holes, in which the symmetry is
deformed by a deformation parameter [44]. The other project is to establish the existence of
a super conformal field theory, with a global U(1) symmetry, in which the J and Q pictures
are related to the spectral flow transformations of the super conformal field theory. We leave
these projects for future research works.
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